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Abstract 

Various limit-free formulas are given for the computation of the algebraic and the topological 
entropy, respectively in the settings of endomorphisms of locally finite discrete groups and of 
continuous endomorphisms of totally disconnected compact groups. As applications we give new 
proofs of the connection between the algebraic and the topological entropy in the abelian case and 
of the connection of the topological entropy with the finite depth for topological automorphisms. 
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1 Introduction 

In this paper we are concerned with the topological and the algebraic entropy respectively in the 
setting of continuous endomorphisms of totally disconnected compact groups and of endomorphisms 
of locally finite groups. In the abelian case the correspondence between these two settings - that is be- 
tween continuous endomorphisms of totally disconnected compact abelian groups and endomorphisms 
of torsion abelian groups - is given by Pontryagin duality. 

In [I] Adler, Konheim and McAndrew introduced the topological entropy for continuous selfmaps 
of compact spaces, while later on Bowen in [5] introduced it for uniformly continuous selfmaps of 
metric spaces, and this definition was extended to uniformly continuous selfmaps of uniform spaces 
by Hood in 9 . As explained in details in [4] , for continuous endomorphisms of totally disconnected 
compact groups the topological entropy can be introduced as follows. It is worth recalling that a 
totally disconnected compact group K has as a local base at 1 the family B(K) of all open subgroups 
of K, as proved by van Dantzig in |14j for all locally compact totally disconnected groups. 

Let if be a totally disconnected compact group and ip : K — V K a continuous endomorphism. For 
every open subgroup U of K and every positive integer n let 

C n {^,U) = [/nr'^n-.-nr^ 1 ^) 

be the n-th tp-cotrajectory of U, and the ^j-cotrajectory of U is 



C{$,U) = f] yj- n (U) = p| C n (xl>,U). 



71=1 
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Note that this is the greatest invariant subgroup of K contained in U. 

The topological entropy of ip with respect to U is given by the following limit, which is proved to 
exist (see also Lemma ETT1 below) . 

n— >oo TL 

The topological entropy of is 

hto P W = sup{ff top (V, U):Ue B(K)}. 

Using ideas briefly sketched in [T], Weiss developed in [H] the definition of algebraic entropy 
for endomorphisms of torsion abelian groups. Moreover Peters modified this definition in [12) for 
automorphisms of abelian groups, and this approach was extended to all endomorphisms of abelian 
groups in [3]; in [3] also the hypothesis of commutativity of the groups was removed. Following [3] 
we give here the definition of algebraic entropy for endomorphisms of locally finite groups, which 
coincides with the definition given in [T] in the abelian case. 

Let G be locally finite group and 4> : G —> G an endomorphism. Denote by J-(G) the family of all 
finite subgroups of G. For every finite subgroup F of G and every positive integer n let 

T n {^F)=F^{F)....-^- l {F) 

be the n-th (^-trajectory of F, and the (f> -trajectory of F is 



T(&F)= Q T n (4>,F). 



n=l 

If G is abelian, then T(<j>, F) is the smallest ^-invariant subgroup of G containing F. 

The algebraic entropy of (f> with respect to F is the following limit, which exists as proved in [4], 

The algebraic entropy of <j> is 

KM = sup{H aig (0,F) : F e F(G)}. 

Every locally finite group is obviously torsion, while the converse holds true under the hypothesis 
that the group is abelian; in the other hand the solution of Burnside's problem shows that even groups 
of finite exponent may fail to be locally finite. 

Yuzvinski claims at the end of his paper [T7], that for every torsion abelian group G and every 
endomorphism <j) : G — > G one has 



Ki g {4>) = sup <^ log 



T{<t>,F) 



:FeF(G) . (1.1) 



<t>(T(<P,F)) 

This formula is false without the assumption that <fi is injective, as shown by Example 12.11 below (see 
also [?])■ The huge gap in Example 12. II is due to the special choice of the zero endomorphism. In fact, 
as noted in [7], Yuzvinski's claim is true for injective endomorphisms. A proof of this theorem, based 
on a much more general result on multiplicities, was given in [7]. Here we offer a short multiplicity-free 
proof of the following more general and precise formula that obviously implies the theorem. Note 
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that if G is a torsion abelian group and <p '■ G — > G an endomorphism, then the hypothesis that 
ker</> (~l T(4>, F) in the following formula is automatically satisfied (see Lemma r4.fj) . 



Algebraic Formula. Let G be a locally finite group, 4> : G — 
finite subgroup of G such that ker0 n T(</>, F) is finite. Then 



G an endomorphism and F a normal 



H a i g (<j>,F)= log 



T{<t>,F) 



log | ker (j> n T(0, F)\ 



The next corollary shows that Yuzvinski's claim holds true for injective endomorphisms. 

G — > G an injective endomorphism and F a finite 

T(4>,F) 



Corollary 1.1. Let G be a locally finite group, 
normal subgroup of G. Then 

H alg {<j>,F) =log 



4>{T{<t>,F)) 



Therefore (jl.l \ holds true whenever <p is injective. 



This formula suggests a similar approach for the topological entropy. Indeed it is possible to 
prove the following limit-free formula for the topological entropy. Also in this case, if the totally 
disconnected compact group K is abelian and ip : K — ► K is a continuous endomorphism, then the 
condition that K/(hmp + C(ip, U)) is finite is automatically satisfied. 

Topological Formula. Let K be a totally disconnected compact group, ip : K — >■ K a continuous 
endomorphism and U an open normal subgroup of K such that K/(Jxaip ■ C(ip,U)) is finite. Then 



H top (ip, U) = log 



C(tP,U) 



log 



K 



Imtp ■ C*(V>, U) 



Stoyanov in [13] proved that in the compact case for the computation of the topological entropy 
one can reduce to surjective endomorphisms ip, for which the quotient Kj (Im?/> ■ C{tp, U)) is obviously 
trivial. The much simpler formula in this case (practically, the topological counterpart of Corollary 
II. lj) is given in Corollary 13.61 

In Section [2] we give a proof of the Algebraic Formula, while in Section [3] we verify the Topological 
Formula. Moreover we note how these two results give immediately a new proof of Weiss Bridge 
Theorem connecting the algebraic and the topological entropy by Pontryagin duality. Note that the 
Pontryagin dual of a torsion abelian group is a totally disconnected compact abelian group. 

Weiss Bridge Theorem. Let G be a torsion abelian group and <f> : G — > G an endomorphism. Let 
K = G be the Pontryagin dual of G and let ip = <j) '■ K —± K be the dual of <f>. Then 

h a lg{4>) = htop(lp). 



Let K be a totally disconnected compact group and ip : K — > K a topological automorphism. In 
\W\ Willis defined the pair (K, ip) to have finite depth if there exists U € B(K) such that 
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we call a subgroup U with this property <p-antistable. One can show that K must necessarily be 
metrizable and totally disconnected (see Section [5] for more details). For a pair (K,ip) of finite depth 
the depth of ip is 

depth(^) = MC(i>-\ U)) : C(i>-\ U)]; (1.3) 

as noted in [TB] this index is finite and does not depend on the choice of the (/>-antistable subgroup 
U E B(K). 

In Section O an application of the Topological Formula is given in Theorem 15. 2\ stating that in 
case (K, ip) is a pair of finite depth, then 

hto P W = logdepth(^). 

A similar result for the measure-theoretic entropy, going into a somewhat different direction, can be 
found in [101 Theorem 2] . According to Halmos [5] , surjective continuous endomorphisms of compact 
groups are measure preserving, and in this case the measure theoretic entropy coincides with the 
topological entropy as proved by Stoyanov [13]. 



2 Algebraic entropy 



The following example shows that Yuzvinski's claim ([l.ip is false without the assumption that the 
considered endomorphism is injective. 

Example 2.1. Let G be a non-zero torsion abelian group, and (j> : G — > G be the zero endomorphism. 
Take any non-zero finite subgroup F of G; then T(<j), F) — F and </>(T(0, F)) — 0. Then 



sup <^ log 



F e F{G) \ > to; 



T{<t>,F) 



login 



while h a i g (4>) = 0. 

In particular, when G is an infinite torsion abelian group, for every n > we can pick a finite 
subgroup F n of G of size > n. Then 



sup | log 



T{^F) 



F e F(G) } = co, 



HT(<P,F)) 

so in this case one has = h a i g (<j)) ^ oo in (|l.l|l . 

We are now in position to prove the Algebraic Formula. 

Theorem 2.2 (Algebraic Formula). Let G be a locally finite group, <f> : G — > G an endomorphism 
and F a finite normal subgroup of G such that ker0 n T((f>, F) is finite. Then 



H a i g (<t>,F) = log 



T(4>,F) 



- log | kcr cj) n T(<P, F)\ 



Proof. Let K = kcr (f>nT(<fi, F), which is finite by hypothesis. We show that one can assume without 
loss of generality that F contains K. Indeed let F 1 = FK C T(<f>, F). Then T(cp, F') = T(<j>, F), and 
so H a i g ((p, F') — H a i g (cf), F); moreover K — ker <p D F' C F' . So we assume without loss of generality 
that K C F and we verify that 



Halgi&F) =log 



<t>{T{4>,F)) 



\og\K\ 
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For the sake of brevity, we write in the sequel T n and T, for T n (c/>, F) and T{<j>, F) respectively. 

Arguing as in Lemma 1.1] we have that the index [T n+ i : T n ] stabilizes, i.e., there exists no > 
such that for all n > n one has [T n+ i : T n ] = a, consequently H a i g {<j),F) — log a. Our aim is to 
show that also 

a-\K\- (2.1) 



obviously this proves the theorem. Since T = F-<f>{T) and (F ■ <p(T)) / <p(T) S F/(Fn<p(T)), it follows 
that (|2.ip is equivalent to 

F 



= a-\K\. (2.2) 

The increasing chain F D <fi(T n ) of finite subgroups of F stabilizes, so there exists ri\ > such that 
F n <f>(T) =Fn (f>(T n ) for all n > n x . Hence dH2Jl is equivalent to 



a - \K\ 



F R 0(T„) 



for all n > n\. 

As F/(F n 0(T n )) = (F ■ 4>{T n ))/<t>{T n ) = T n+1 / 4>(T n ) , we conclude that 



= [T n+1 : 0(T n )]. 



Fn^(r„) 



(2.3) 



Since <f>(T n ) ^ T n /(ker n T n ) = T n /K, we have \4>{T n )\ ■ \K\ = \T n \. Hence Lagrange Theorem 
applied to the group T n+ \ and its subgroups T n and 4>{T n ) gives 

[T n+1 : 0(T n )] = feii = = [T . Tn] . | X | = a ■ |AT |, (2.4) 

l<P( T n)| 

provided n > max{rto,ni}. From ()2.3|) and ()2.4p we get (|2.2|) . and this concludes the proof. □ 



3 Topological entropy 

The following is the counterpart of [3 Lemma 1.1] for the topological entropy. Its proof follows the 
one of [SJ Lemma 2.2]. 

Lemma 3.1. Let K be a compact group, ip : K — > K a continuous endomorphism and U an open 
normal subgroup of K . For every positive integer n let c n := [K : C n (i/j, U)]. Then 

(a) c n divides c n +i for every n > 0. 

For every n > let a„ :— = [C n (ip, U) : C n +i(ip, U)}. Then 

(b) a n +i divides a n for every n > 0. 

(c) Consequently the sequence {a ra }n>o stabilizes, i.e., there exist integers no > and a > 00 such 
that a n = a for every n > uq. 

(d) Moreover H t0 p(ip, U) = log a. 

(e) If ip is a topological automorphism, iJ top (-0 _1 , U) = Htop{ip,U). 
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Proof. Let 11 > 0. Since there is no possibility of confusion we denote C n (ip, U) simply by C n . 

(a) Since K/C n is isomorphic to (K/C n+ i)/(C n /C n+ i), it follows that = [C n : C n+ i] and in 
particular c„ divides c n +\- 

(b) We prove that C n /C n +i is isomorphic to a subgroup of C n _i/C n , and this gives immediately 
the thesis. First note that 

c„ +1 c„nf»((/) i>- n {u) 

Now (C*„^~"(^))/V^ n (E/) is a subgroup of the quotient (ij}- 1 (C n - 1 )ip- n (U))/'ip- n (U). The homo- 
morphism#/V> -n (£0 K/ip- n+x (U) induced by ^ is inject ive, therefore (ijj- 1 (C n -i)-il)- n (U))/ip- n (U) 
is isomorphic to its image 

g C n -i = C n -i 

V^ n+1 (^) C n _in^-»+ 1 (^) c„ ' 

(c) follows immediately from (b). 

(d) By item (c) for hq > we have c„ +„ = a n c no for every n > 0, and by the definition of 
topological entropy 

it ( i tt\ v lQ g c » r log(«"c„ ) , 
Uto P \WiU)= hm = lim =loga. 

(e) Assume that ^ is a topological automorphism. For every positive integer n let c* := [if : 
C„(^ _1 , [/)]. According to (a)-(c) applied to V J_1 : Utopia 1 ,U) = log a*, where a* is the value at 
which stabilizes the sequence a* := ^r-- Hence it suffices to see that c* = c„ for all n > and this 
is obvious since ^"^(CnO, ^)) = C n (i>- l ,U). □ 

For the proof of the Topological Formula we need the following folklore fact that we give with a 
proof for reader's convenience. 

Lemma 3.2. Let G be a topological group and let T be a closed subset of G. Then for every descending 
chain B\ D B 2 2 • • • 2 B n 2 • • • o/ closed subsets of G the intersection B — H^Li ^« * s non-empty 
and {~Yn° = i(BnT) = £>T, whenever B\ is countably compact. 

Proof. That £> 7^ is a direct consequence of the countable compactness of B\ . 

The inclusion f] n —AB n T) 2 BT is obvious. To verify the converse inclusion pick an element 
x £ fX^—i(B n T). Then there exist elements b n £ B n , t n £ T such that x — b n t n for every n > 0. Let 
D n be the closure of the set {b n , b n+ i, . . .} for n > 0. Then 

D n C B n for each n > 0. (3.1) 

The countable compactness of B\ yields that H^Li D n ^ 0. Fix an element b of this intersection and 
note that b £ B due to (|3.1[) . It suffices to prove that £ T. Since T is closed it suffices to check 
that b~ x x belongs to the closure of T. To this end let V — V~ x be a symmetric neighborhood of the 
neutral element of G. Then bV is a neighborhood of b £ D±, so 6V 9 & m for some m > 0. This yields 
3 and consequently Vb~ x x 3 b^x — t m . Therefore Vb~ x x n T ^ 0, and so b _1 a; belongs 
to the closure of T. □ 



G 



Theorem 3.3 (Topological Formula). Let K be a totally disconnected compact group, tp : K — > K 
a continuous endomorphism and U an open normal subgroup of K such that K/(limJj ■ C(tJj,U)) is 
finite. Then 



H t0 pbl>,U) = log 



^-\C{r)},U)) 



— lOE 



K 



Irmp ■ CO, U) 



Proof. Since there is no possibility of confusion we denote C n (ip, U) and C(ip, U) simply by C n and C 
respectively. Let L — limp-C. We can assume without loss of generality that U C L. Indeed otherwise 
one can take U' — U<~)L. Then U' is open since L is open, being a closed subgroup of K of finite index 
by hypothesis; moreover C(>, U) = C(i/j, U') as ^(U) = ^{U') and so H top (ip, U) = H top {ip, U'). 
Let us note that our assumption U C L and the inclusion C QU imply 



L = ImV> • C C Iim/> • C n Q Imi/> ■ U C ImV> ■ C ■ U Q L ■ U = L. 



(3.2) 



The homomorphism K/ip 1 (C„) — > K/C n induced by ip is injective and the image of K/ip (C n ) is 



Imip • C n /C n . As hmp ■ C n = L by ([3~2"|) , we get 

[K :i/ J - 1 (C n )] = [L:C n }. (3.3) 

By Lemma 13.11 there exist integers uq > and a > such that a n = a for every n > uq and 
Utopia, U) — log a. So it suffices to prove that 



ij-\C) 



C 



\L\. 



We start noting that 



(3.4) 



(3.5) 



c v _1 (C)nc/ c/ 

The quotient K/U is finite and {(^ _1 (C„) ■ U)/U} n >o is a descending chain of subgroups of K/U, 
hence it stabilizes, that is there exists n\ > such that 

ip (C n ) • U = ip~ 1 (C ni ) ■ U for every n > ri\; 

in other words H^Li^ -1 ^") ■ U) = -0 _1 (C„ 1 ) • U. Lemma [32] gives 



n=l 



an d fl~=i = ^~ 1 {C), therefore 

ip-^C) ■ U = V> _1 (C„) • 17 for every n > n x . 
Let n > max{no,ni}. Then (|3.5p and ()3.6[) give 

"V- 1 (c n )nc/ c„ +1 ■ 

: C„+i] 



(3.6) 



u 



u 



Consequently 



^-\c) 



c 



^-\c n ) 



c 



n+1 



As [K : C n ] = [K:L][L: C n ], (03) gives 

[K: 1>-\C n )] = 



[K:^-i(C n )Y 
[K : C n ] 



[K : L] 



(3.7) 



(3.8) 
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So using (|3.8p in Q3.7p . and recalling that n > no, we can conclude that 



i>-\c) 



^fgjV : L l = P« : ^+1]^ : £] = <*\K : L]. (3.9) 



C 

i.e., the wanted equality announced in (|3.4|l . □ 

As noted in the Introduction, if if is a totally disconnected compact group, B(K) is a local base 
at 1. In this case also the subfamily B^(K) of B(K) of all normal open subgroups of if is a local base 
at 1. Indeed we have the following property, where for U G B(K), the heart Uk of U in K is the 
greatest normal subgroup of K contained in U. 

Claim 3.4. Let K be a compact group. If U € B(K), then Uk G £><,(if). 

Since for any U,V G B(K), if U QV, then H top (ip, V) < H top (ifj, U), by the definition of topolog- 
ical entropy we immediately derive that it suffices to take the supremum when U ranges in a local 
base at 1 of if : 

Claim 3.5. Let K be a totally disconnected compact group, ip : K — > K a continuous endomorphism 
and B C B{K) a local base at 1. Then h top {ip) = swp{H top {ip, U) : U G B}. 



In particular h top {ijj) = sup{Htop{ip,U) : U G £><j(if)}, so we immediately get Corollary I3.6I 
of the Topological Formula for continuous surjective endomorphism (in particular, for topological 
automorphisms) . 

Following Willis [IS], when ip is clear, we denote C(ip, U) also by the shorter and more suggestive 
U-, and we leave U + denote the i/'~ 1 -cotrajectory C(i/> _1 ,£/) = H^Lo '(^0 ■ We start using this 
notation from (|3. 10[) , where the first equality follows from Theorem 13.31 and the second one follows 
from Lemma l3.1f e) and the first equality. 

Corollary 3.6. Let K be a totally disconnected compact group and ip ■ K — > K a continuous surjective 
endomorphism. Then 

H top (iP,U) = log^-^U-) : U-\ and [il>~ l (U-) : U-] = [ip(U+) : U+] (3.10) 

for every U G £><(if). In particular 

h top (ip) = sup {log^-^C/-) :U-]:U€ B^K)} . 

Remark 3.7. One can easily obtain from this corollary the well-known "logarithmic law" 

H top (ip k ,U) = kH top (iP,U) 

for a continuous surjective endomorphism ip and an integer k. Indeed it suffices to note that 

ty- k (U-) : U-] = [i>-\U-) : U.f. 

The next corollary is dedicated to the case of an open subgroup U with trivial ^i-cotrajectory 
U-=C(i>,U). 

Corollary 3.8. Let K be a totally disconnected compact group, ip : K — > K a continuous endomor- 
phism and U G B^{K) with trivial ip-cotrajectory {/_. If CokerV-> = K/limp is finite, then 

Hto P (ip, U) = log |ker ip\ - log |Coker ip\. 



8 



The aim of the next remark is to clarify the significance of the hypothesis \K/(lmip ■ UJ)\ < oo in 
Theorem I3.3I See also Remark I5.4I for an interesting consequence of Corollary I3.8I 

Remark 3.9. Let ip : K — > K a continuous endomorphism of a totally disconnected compact group 
K and let U an open normal subgroup of K. 

(a) Let Kjj = K/U-, let qu : K — > Ku be the canonical homomorphism and let ipu : Kjj — > K\j be 
the induced endomorphism. Clearly, L7_ is ip- invariant (but need not be stabilized by tp) and 
qu(U) is V'cz-antistable (actually, q{U)- = C(tpu,q(U)) is trivial). Moreover, K/(Iimjj ■ U-) is 
finite precisely when hmpu has finite index in Kjj. More precisely, 

K/{lmip ■ UJ) Ku/(Lmi)u -q(U)-) = Ku/lmtpu = CokerV>[/, 

as q(U)- is trivial. So 

[K : {hmp •£/_)] = [K a ■■ Mo] = \C6kenpu\. 
By Corollary 13.81 the triviality of q{U)- gives 

H top (ipu,qu(U)) = log | ker^c/l - log |Coker^u|- 

(b) Now let N = U- fl U+, Km) = K/Nu and let pu ■ K — >• Kru) De the canonical homomorphism. 
Clearly, Njj is stabilized by ip, the induced endomorphism tfitm of K(tj) is injective and pu(U) 
is -0([/)-antistable (one can see as before that Kj (\xm\) ■ U-) is finite precisely when Coker ipaj) — 
K/u)/hxiip(u) is finite, etc.). One can use the pairs (Km),ip(u)) of finite depth to present the 
pair (K, tp) as an inverse limit of the pairs (K(u),ip^u)) with U £ B A (K) of finite depth (see [HI 
Proposition 5.3]). 

4 The abelian case 

When the groups are abelian the finiteness conditions in the Algebraic Formula and in the Topological 
Formula automatically satisfied. Indeed we have the following result, which applies directly for the 
Algebraic Formula and together with Lemma 14.31 for the Topological Formula. 

Lemma 4.1. Let G be a torsion abelian group, </> : G — > G an endomorphism and F a finite subgroup 
of G. Then ker <f> n T((j>, F) is finite. 

Proof. Since T(<f>, F) is <fr- invariant, we can assume without loss of generality that G = T(0, F). This 
is a finitely generated Z[X]-module. Therefore ker ^ is a finitely generated Z[A]-module as well. Since 
the action of <p on ker</> sends ker0 to 0, we have that ker</> is a finitely generated Z-module. Hence 
ker (f> is finite. □ 

We recall now some definitions and results from Pontryagin duality. For a topological abelian 
group G the Pontryagin dual G of G is the group Chom(G,T) of the continuous characters of G 
endowed with the compact-open topology [TT]. The Pontryagin dual of a discrete Abelian group is 
always compact, Moreover we recall that a finite abelian group is isomorphic to its dual and the the 
dual of a torsion abelian group is a totally disconnected compact abelian group. If <f> : G —> G is an 
endomorphism, its Pontryagin adjoint (f> : G — > G is defined by 4>(x) = X ° 4 1 f° r every x 6 G. For a 
subset H of G, the annihilator of H in G is H 1 ^ = {x £ G : x{H) = 0}- 
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Fact 4.2. Let G be an abelian group. 

(a) If{H n } n>0 are subgroups ofG, then {Y,™=iHn) ± = f)n=l H n- 
If H a subgroup of G and <fi : G — » G an endomorphism, then: 

(b) H SS G/H^; 

(c) ((^{H)) 1 - = ($)- n (H ± ) for every n > 0; 

(d) ker (f>' L — lm<p. 

(e) If H C L are subgroups of G, then H^/L 1 - = L/H. 

Lemma 4.3. Let G be a torsion abelian group, </> : G — > G an endomorphism and F a finite subgroup 
of G. Let K = G, ip = % and U = F ± . Then U E B(K) and 

(a) T n (<j>, F) 1 - = C n (ijj, U) for every n > 0, and T(0, F) x = C(tf>, U); 

(b) ker </>n T(4>,F) = K/Qmip + C(ip, U)); 

(c) T(4>,F)/0(T(^F)) = ^\C(i/j 7 U))/C(i/j 7 U). 

Proof. The conclusions follow from Fact I4.2I □ 

Applying this lemma, the Algebraic Formula and the Topological Formula we can now give a short 
proof of Weiss Bridge Theorem connecting the algebraic and the topological entropy. 

Corollary 4.4 (Weiss Bridge Theorem). Let G be a torsion abelian group and <fi '■ G — > G an 

endomorphism, let K = G and ip = <f>. Then 

Ki g {4>) = h top (ip)- 

Proof. Let K = G and ip = </>. Let U be an open subgroup of K. Then F is a finite subgroup of G. 
By Theorem 12. 21 and Theorem 13.31 and by Lemma 1431 we can conclude that H a i g (<f), F) — H top {ip, U), 
hence h a i g {4>) = h top (ip). □ 

Remark 4.5. Applying Pontryagin duality in the abelian case one can also derive the Topological 
Formula from the Algebraic Formula. Indeed, let K be a, totally disconnected compact abelian group 
and ip : K — > K a continuous endomorphism. Let G = K, 4> = i/j and F = U . Then F is a finite 
subgroup of G. By Lemma l4~3l we have that K/C n (ip, U) = T n ((f>,F) and so 

H top (iP,U) = H alg (4>,F). 

By Theorem H alg ((t), F) = \og\T(<p,F)/4>(T((f>,F))\ — log | ker <j> PI T(<f>, F) \ and again LemmagS] 
gives 

\T((t),F)/(j)(T((j),F))\ = [V _1 (C(-y>, C/))/C(-0, f7")| and | kerc/) n T(0, F)\ = [K/Qjwp + C(tp, U))\. 

Therefore H top (ip, U) = log {^(C^j, U))/C{ip, I7)|— log \K/(Invj;+C('ijj, U))\, that is the Topological 
Formula. 
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5 An application: finite depth and topological entropy 



Let if be a totally disconnected compact group and ip : K — > K a topological automorphism. As 
recalled in the Introduction, the pair (K, ip) has finite depth if there exists an 0-antistable U £ B(K) 
(see (II. 3|) ). By Claim l3~4l we can assume without loss of generality that U is also normal, that is 
U £ B<](K). This definition implies that 

the family Bjj = {U n : n > 0}, where U n := C n (ip, U) PI C n (tp , U), is a local base at 1. (5.1) 

In particular K turns out to be necessarily metrizable and totally disconnected. Morevoer K is 
isomorphic to a subgroup G\ of i 7 * 2 , where F is a finite group; if a denotes the left Bernoulli shift of 
F z , then G\ is stabilized by a and under the identification of G with G\ one has ip = o \q x (see also 
[TD1 Proposition 2]). 

Claim 5.1. [16[ Proposition 5.5] Let (K, ip) be a pair of finite depth. IfU,W £ B^{K) are (p-antistable, 
then [ip(U + ):U + ] = [i>(W + ):W + ]. 

In view of this claim one defines the depth of a pair (K, ip) of finite depth as 

depth(^) = [iP(U+) : U+] 

for any 0-antistable U £ B^K). Moreover, since 

[iP(U + ) : U+] = 14>-\U-) : U-] (5.2) 

according to (|3.10l) . one can extend this definition to 

dcpth(^) = [iP(U+) : U+] = [^(t/-) : U-], 

where U £ B^(K) is any <p- ant ist able U £ B^(K). 

Theorem 5.2. Let (K,ip) be a pair of finite depth. Then 

ht op {ip) = logdepth(^). 

Proof. Let U £ B^K) be 0-antistable. By (|5.ip the family Bu is a local base at 1. Moreover for any 
n > we have H top (ip, U n ) = log[V> -1 (C(V>) U n j) : C(ip, U n )} by Theorem 1531 therefore flgH} gives 

H top {ip, U n ) = logdepth(^). 

Hence h top {ip) = logdepth(^) by Claim I331 □ 

The equality h top (ip) — htopiip" 1 ) from Lemma 13.1( e) is well known for the topological entropy of 
automorphisms of compact groups, we obtain as a by-product the following fact. 

Corollary 5.3. Let (K,ip) be a pair of finite depth. Then depth(-0) = depth(-0~ 1 ). 

Theorem 15.21 and Corollary 13.81 have the following consequence. According to [161 Proposition 
5.5], if K is infinite, then depth(-0) > 1. 

Remark 5.4. Let K be a totally disconnected compact group, ip : K — > K a continuous endo- 
morphism and U £ B^K) with trivial V'-cotrajectory C(ip,U). The triviality of C(ip,U) implies 
that U is 0-antistable. This yields that the pair (K, ip) has finite depth, so if K is infinite, we have 
Htopiip^U) = logdepth(^) > by Theorem 15.21 In particular Corollary 13.81 gives the non-obvious 
inequality log |ker ?/>] — log |Coker^| > 0, i.e., ip is necessarily non-injective and | ker-0| > |Coker , 0|. 
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